Abstract. The purpose of this paper is to prove that integral Chow rings of toric stacks are naturally isomorphic to Stanley-Reisner rings.
Introductuon
Intersection theory with integer coefficients of Fulton-MacPherson type on smooth algebraic stacks was developed by Kresch, Edidin-Graham and Totaro ([4] , [10] , [14] ). In particular, the integral Chow ring of a smooth stack which has staratifications by quotient stacks (for example, quotient stacks) was defined. The integral Chow ring of a smooth algebraic stack is an interesting and deep invariant of the stack which reflects the geometric structure together with the stacky structure on it. It is challenging to compute them for interesting algebraic stacks. Some examples of smooth DeligneMumford stacks were calculated. For example, in [4] Edidin and Graham calculated the integral Chow rings of the moduli stacks of elliptic curves M 1,1 and M 1,1 . Vistoli calculated the integral Chow ring of the moduli stack of the curves of genus 2 ( [16] ).
The purpose of this paper is to compute the integral Chow rings of toric stacks defined in ( [7] , [8] ). Our work of the presented paper is motivated by the categoryequivalence between the 2-category of toric stacks and the 1-category of stacky fans (cf. Here we would like to invite the reader's attention to the fact that that if ∆ is simplicial and not non-singular, the (operational) Chow group A k (X ∆ ) for k ≥ 1 could differ from the module of the "degree k part" of Stanley-Reisner ring of ∆ (cf. Example 2.7). Furthermore in such case a somewhat surprising point is that the Stanley-Reisner ring of ∆ could be nonzero in degrees higher than the dimension of the toric variety X ∆ (cf. Example 2.7). Since the Chow groups of an algebraic space in degrees higher than its dimension are zero, thus Stanley-Reisner rings gives us a
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combinatorial phenomenon which is unaccountable in the framework of schemes and algebraic spaces. Now we state our main result. ). Here we explain how the usual relations on intersection product of torus-invariant cycles on a simplicial toric variety X Σ (cf. [5, page 100]) are derived from that of the toric stack X (∆,∆ 0 can ) in A * (X (∆,∆ 0 can ) ). There exists a coarse moduli map π (∆,∆ 0 can ) : X (∆,∆ 0 can ) → X ∆ . This functor defines the proper push-forward (π (∆,∆ 0 can ) ) * : 
Theorem
, since the order of stabilizer group of a generic geometric point on V (σ)
is mult(σ) (cf. [7, Proposition 4.13] ). Here mult(σ) is the multiplicity of σ, and V (•) is the torus-invariant subvariety which corresponds to a cone in ∆. Thus, the relation
There are more interesting points to notice. It is known that the operational Chow group of a complete toric variety is torsion-free (cf. [6] ). On the contrary, the integral Chow group of a complete toric stack could have a lot of torsion elements. Moreover, as noted above, it could be nonzero in degrees higher than the dimension of the toric stack (cf. Example 2.7). This is a substantial difference to the intersection theory on schemes and algebraic spaces.
The presented result can be also viewed as an application of intersection theory with integral coefficients ( [4] , [10] , [14] ) to toric stacks. We hope that the reader finds our computation here shows a nice relation between toric stacks and combinatorics.
The presented paper is organized as follows. In section 1, for the computation of the integral Chow rings (cf. [4] ), we obtain the quotient presentations of toric stacks defined in [7] and [8] . For this purpose, we generalize the functor defined in [1] , which represent a smooth toric variety (in characteristic zero), to a certain groupoid. In section 3, we present the proof of the main result. Finally, we calculate some examples.
Notations And Conventions. Set N = Z d and M = Hom Z (N, Z). Let •, • be the dual pairing. Let ∆ be a fan in N R = N ⊗ Z R (we asumme that all fans are finite in this paper) (cf. [5] ). Denote by ∆(1) the set of rays. Let us denote by v ρ the first lattice point on a ray ρ ∈ ∆(1). Finally, let ∆ max denote the set of maximal cones in ∆. A pair (∆, ∆ 0 ) is called a stacky fan if ∆ is simplicial fan in N R and ∆ 0 is a subset of ∆ ∩ N such that for any cone σ in ∆, σ ∩ ∆ 0 is a sub-monoid of σ ∩ N which is isomorphic to N r where r = dim σ, such that for any element e ∈ σ ∩ N, there exists a positive integer n such that n · e ∈ σ ∩ ∆ 0 . The initial point of ρ ∩ ∆ 0 is said to be the generator of ∆ 0 on ρ. Let v ρ denote the first lattice point of ρ ∩ N and n ρ the initial point of ρ ∩ ∆ 0 . The positive integer l ρ such that l ρ · v ρ = n ρ is said to be the level of ∆ 0 on ρ. Notice that Σ 0 is completely determined by the levels of ∆ 0 on rays of ∆. Each simplicial fan ∆ has the canonical free-net ∆ 0 can , whose level on every ray in ∆ is 1.
Give a stacky fan (∆, ∆ 0 ), we have the associated toric stack X (∆,∆ 0 ) over a base scheme S. If S is the spectrum of a field k of characteristic zero, X (∆,∆ 0 ) is a smooth Deligne-Mumford stack that is of finite type and separated over k. For details, we refer to [7, section 4] , [8] .
In [1] , given a fan ∆ and a scheme Y , Cox defines notions of ∆-collections on Y and equivalences between them. Then he showed that the functorF ∆ : Y → {∆-collections on Y }/ ∼ represents the toric variety X ∆ if ∆ is non-singular. If ∆ is singular, unfortunately, the functor of ∆-collections fails to represent the toric variety X ∆ . The aim of this section is to generalize the notion of ∆-collections and [1, Theorem 1.1] and give a quotient presentation for a toric stack X (∆,∆ 0 ) defined in [7] (cf. Corollary1.9).
where L ρ is an invertible sheaf on Y , u ρ ∈ H 0 (Y, L ρ ) and c m is an isomorphism of invertible sheaves with the following additional properties:
(
Y is a morphism of schemes, then we define the pullback 
When ∆ is the empty set, the set of morphisms from
for all m ∈ M and is the empty set if otherwise.
Let S be a scheme, and define a fibered category
as follows. The objects of
With the natural notion of pullbacks, F (∆,∆ 0 ) is a fibered category over (S-schemes). By fppf descent theory for quasi-coherent sheaves, F (∆,∆ 0 ) is a stack with respect to fppf topology.
Theorem 1.4. Let S be the spectrum of an algebraically closed field
k of characteristic zero. Let X (∆,∆ 0 ) be the toric stack (over k) associated to (∆, ∆ 0 ) (cf. [8
]). Then there exists an isomorphism of stacks
The proof of Theorem 1.4 proceeds in several steps. In this subsection, we prove (a) in Lemma 1.5. Unless stated otherwise, we work over k. Consider a collection
4]). Then F is isomorphic to the toric variety X ∆ , and
where
where v ρ is the first lattice point of ρ. We shall refer to such collections as linear ∆-collections.
Let
for all ρ ∈ ∆(1) and c
r for all r ∈ R. The following functor L ∆ : (k-schemes) → (Sets), Y → {linear ∆-collections}/ ∼ (here ∼ denotes the equivalence relation) is representable by a quasi-affine scheme
There exists a natural action a :
is a smooth algebraic stack of finite type over k (cf. [11, proposition 10.13 
.1]).
Next we show that [L ∆ /G (∆,∆ 0 ) ] has a finite diagonal. To this aim, clearly we may suppose that rays in ∆ span the vector space N ⊗ Z R. For a cone σ ∈ ∆ set
This follows from the fact that σ is simplicial. Thus [L ∆ /G (∆,∆ 0 ) ] has a finite diagonal, in particular separated over k. Moreover in characteristic zero, it is a Deligne-Mumford stack.
. Then we have a natural 2-isomorphism between the both two composites. Thus there exists a morphism z :
, the functor z is essentially surjective.
To prove the fully faithfulness, note first that we may work fppf locally on Y and put two linear ∆-collections
′ r for all r ∈ R, the set of morphisms from
for any ρ ∈ ∆(1)}. In this case, the set of homomorphism from z(
) are the empty sets. Thus z is fully faithful. Therefore F (∆,∆ 0 ) is a smooth Deligne-Mumford stack of finite type and separated over k. Remark 1.6. The above argument also implies that the stack F (∆,∆ 0 ) over a general scheme is algebraic. Namely, we conclude that: can ) be a stacky fan with the canonical free-net such that ∆ is non-singular. Let X ∆ (resp. X (∆,∆ 0 can ) ) be the toric variety (resp. the toric stack) over Z associated to ∆ (resp. (∆, ∆ 0 can )) (the definition of toric stacks ( [7] , [8] ) works over arbitrary base schemes). While X (∆,∆ 0 can ) is isomorphic to the toric variety X ∆ over Z, it is not clear whether or not F (∆,∆ 0 )/Z is isomorphic to X ∆ over Z.
1.2.
The coarse moduli space for F (∆,∆ 0 ) . In this subsection, we prove (b) in Lemma 1.5. Clearly, we may suppose that rays in ∆ span the vector space N ⊗ Z R.
First by imitating the proof of [2, Theorem 2.1], we see that geometric quotient (in the sense of Mumford [12] ) of L ∆ × G a → L ∆ is a toric variety X ∆ associated to ∆. We will show that the toric variety X ∆ is a coarse moduli space for [L ∆ /G] ∼ = F (∆,∆ 0 ) . To this aim, by [13, Theorem 2.6 (iii)], it suffices only to prove that q :
The properness of q follows from the fact that q is a universal submersion, in particular universal closed map (It is easy to see that q is separated and of finite type). Therefore the coarse moduli space for F (∆,∆ 0 ) is a toric variety X ∆ .
The quasi-affine scheme L ∆ contains an algebraic torus Spec
is identified with the torus in X ∆ via the coarse moduli map.
Next fix a ray ρ 0 . We will show that if D ρ 0 denotes the toric divisor of X ∆ corresponding to ρ 0 , the order of the stabilizer group of a geometric point on the generic point of π −1 (D ρ ) red is the level of ∆ 0 on ρ 0 . Let K be an algebraic closure of the function field of π −1 (D ρ ) red and p : Spec K → F (∆,∆ 0 ) a geometric point over the generic point of π −1 (D ρ ) red . Taking account of the smooth atlas
such that u ρo = 0 and u ρ = 0 if ρ = ρ 0 . It remains to calculate the order of the group of automorphisms of this (∆, ∆ 0 )-collection. To this end, note that we may assume ρ 0 = R ≥0 · (1, 0, . . . , 0) ⊂ Z d = N. Furthermore if {φ ρ } ρ is an automorphism, φ ρ (ρ = ρ 0 ) should be an identity 1 since u ρ = 0. Let l be the level of ∆ 0 on ρ 0 . Then n ρ 0 = (l, 0, . . . , 0). By the above argument,
, and the automorphism group is isomorphic to µ l (K) ∼ = Z/lZ.
We complete the proof of Theorem 1. 
Integral Chow Rings of Toric Stacks
In this section, we calculate integral Chow rings of toric stacks. We shall use notation similar to section 1, and from now on we assume that the base field k is an algebraically closed field of characteristic zero. Our computation is based on intersection theory on stacks due to Kresch, Edidin-Graham, and Totaro. For details, we refer to [4] Let us fix some notations. If ∆ is a fan (resp. a stacky fan), then for a cone δ ∈ ∆ we denote by V (δ) (resp. V (δ)) the torus-invarint cycle on the toric variety X ∆ (resp. the toric stack X (∆,∆ 0 ) ), which corresponds to δ. If π (∆,∆ 0 ) : X (∆,∆ 0 ) → X ∆ denotes a coarse moduli map, then the cycle V (δ) defines to be the reduced cycle π
For a ray ρ ∈ ∆, if no confusion seems likely to arise, we may write D ρ (resp. D ρ ) for the torus-invarinat divisor V (ρ) (resp. V (ρ)).
Given a stacky fan (∆, ∆ 0 ), let us define the Stanley-Reisner ring of (∆, ∆ 0 ). 
As the first step to Theorem 2.2, we will calculate the Picard goup of a toric stack. 
where ρ∈∆(1) Z · D ρ is a free abelian group generated by {D ρ } ρ∈∆(1) (we abuse notation).
Proof. Put G := G (∆,∆ 0 ) . Observe first that every invertible sheaf on L ∆ is trivial. Indeed L ∆ is a smooth toric variety, and any invertible sheaf (line bundle) L on L ∆ is represented by a linear form of torus-invariant divisors with integer coefficients. Every torus-invariant divisor on L ∆ comes from some toric divisor on
!). Since every torus-invariant divisor on A ∆(1) is a principal divisor, thus L is trivial. Then we obtain 
where Aut(pr * 1 M) is the group of automorphisms of the invertible sheaf pr *
be a pair corresponding to a trivial invertible sheaf on X (∆,∆ 0 ) . Taking account of the cocycle condition, there exists an isomorphism of groups
On the other hand, there exists an isomorphism of groups
Hence we obtain our claim. 
) (the last isomorphism follows from [4, Proposition 18]). Observe that for any m ∈ M, Σ ρ∈∆(1) m, n ρ · D ρ maps to zero. To see this, consider a free abelian groupÑ := ρ∈∆(1) Z · e ρ , and define a homomorphism of abelian group h :Ñ → N by e ρ → n ρ . Let∆ ⊂Ñ ⊗ Z R be the sub-fan of ⊕ ρ∈∆(1) R ≥0 · e ρ such that a cone γ ∈ ⊕ ρ∈∆(1) R ≥0 · e ρ lies in∆ if and only if h R (γ) is a cone in ∆. Then by [8, Corollary 3.9 ] the associated morphism of stacky fans h : (∆,∆ 0 can ) → (∆, ∆ 0 ) determines a smooth surjective morphism p : X∆ → X (∆,∆ 0 ) . Note that the morphism h :∆ → ∆ of fans corresponds to the
To complete the proof it suffices to show that this map is injective. The group
Now we will prove Theorem 2.2. Proof of Theorem 2.2. First of all, if two cones σ and τ in Σ span the cone γ, then V (σ) and V (τ ) intersect transversally at V (γ) by [7, Proposition 4 .19] (it also follows from the quotient presentation). This implies the relation (*). Next we shall show that the map from Stanley-Reisner ring to the Chow ring is an isomorphism. By Corollary 1.9, the toric stack
Here H is a finite abelian group, and 
, and U := ∪ 1≤i≤N U i . Then the action of G on U is free and A N (k+r) − U has codimension more than N − 1. [4] , [10] ). Here G acts on W × U diagonally (this is a free action).
Then we have
Next, let us compute the Chow group of (W × U)/G. To this aim, we show that (W × U)/G is a smooth toric variety. First, notice that since G is a linear reductive algebraic group, and thus by geometric invariant theory, we see that (W × U)/G is an algebraic variety. Moreover W × U and G are smooth, (W × U)/G is smooth. W × U contains the maximal torus G
as a dense open subset, and this torus naturally acts on W × U. Since G
)/G on itself is naturally extended to (W ×U)/G. Recall the fact that quotients of diagonalizable groups are diagonalizable. Since (G
)/G is an algebraic split torus. Hence we conclude that (W × U)/G is a smooth toric variety.
Let (ii). By the construction of action of G on W × U, the torus-invariant divisors on W × U bijectively correspond to the torus-invariant divisors on (W × U)/G. Thus we haveΣ(1) ∼ = Σ(1). Letα 1 , . . . ,α a , andβ 1 , . . . ,β b be rays inΣ which correspond to α 1 , . . . , α a , and β 1 , . . . , β b respectively. Both of sets of rays {α 1 , . . . ,α a }, and {β 1 , . . . ,β b } span cones inΣ, and the cycles V ( α 1 , . . . ,α a ) and V ( β 1 , . . . ,β b ) intersect. Therefore V ( α 1 , . . . , α a ) and V ( β 1 , . . . , β b ) intersect and thus α 1 , . . . , α a , β 1 , . . . , β b span the cone in Σ.
(iii). Letβ 1 , . . . ,β N −1 be rays inΣ which correspond to β 1 , . . . , β N −1 . These raysβ 1 , . . . ,β N −1 also correspond to the torus-invariant divisors in U.
is a non-empty set. Thue the raysβ 1 , . . . ,β N −1 span the cone β 1 , . . . ,β N −1 inΣ. SinceΣ(1) ∼ = Σ(1) and Σ is non-singular, φ R ( β 1 , . . . ,β N −1 ) = β 1 , . . . , β N −1 and this completes the proof.
2 From now on the positive integer N is assumed to be greater than 1. The group 
is generated by the torus-invariant divisors arising from the torus-invariant divisors on X (∆,∆ 0 ) ∼ = [W/G]. Therefore we can choose the element 
where ξ(D ρ ) = D q(ρ) , and
where η(D ρ ) = V (ρ).
Next we show the following Proposition.
Proposition 2.5. The composition η • ξ is bijective modulo degree N.
Proof. To prove this, we first show that ξ is bijective modulo degree N. Let J 
Σ is generated by the monomials whose degree are greater than N − 1. On the other hand, by Proposition 2.3 and [6, Proposition 2.1], ξ is bijective modulo degree 2. Since I Σ are generated by linear forms and contains elements (*), we see that ξ is bijective modulo degree N. Finally, Proposition follows from the next lemma. (resp. N ′ τ ) is a sublattice of N ′ generated by ρ 1 , . . . , ρ s+1 ∩ N ′ (resp. τ ∩ N ′ ). Let us denote by v ρ 1 ,...,ρ s+1 ,τ the first lattice point of the ray of ρ 1 , . . . , ρ s+1 , which is not contained in τ (it is unique since Σ is a non-singular fan, in particular simplicial). Since Σ is a non-singular fan, e(τ, m) is equal to , b) ).
